Abstract. Distributed hydrological models require fine resolution rainfall inputs, enhancing the practical interest of space-time rainfall models, capable of generating through numerical simulation realistic space-time rainfall intensity fields. Among different mathematical approaches, those based on point processes and built upon a convenient analytical description of the raincell as the fundamental unit, have shown to be particularly suitable and well adapted when extreme rainfall events of convective nature are considered. Starting from previous formulations, some analytical refinements have been considered, allowing practical generation of space-time rainfall intensity fields for that type of rainstorm events. Special attention is placed on the analytical description of the spatial and temporal evolution of the rainfall intensities produced by the raincells. After deriving the necessary analytical results, the seven parameters of the model have been estimated by the method of moments, for each of the 30 selected rainfall events in the Jucar River Basin (ValenciaSpain) -period 1991 to 2000, using 5-min aggregated rainfall data series from an automatic raingauge network.
Introduction
The important recent advances in distributed hydrological models have significantly increased the practical need for space-time rainfall models. These new operational tools supported by GIS technology provide a better understanding of the rainfall-runoff processes at the basin scale. Through the distributed modeling approach, it can be investigated, among others, what the effect of spatial and temporal variability of rainfall intensity on the resulting basin hydrograph is.
But rainfall is never measured continuously in space and time, and thus, rainfall models representing the physical and statistical characteristics of the observed rainfall fields are an interesting alternative for practical purposes. On the other Correspondence to: R. Garcia-Bartual (rgarciab@hma.upv.es) hand, this approach provides a practical way to generate synthetic events representing future realistic flood situations, i.e. inflow hydrographs to a reservoir produced by a extreme rainfall event, which are required to evaluate certain operational criteria of the reservoir and dam. This paper presents a conceptual multidimensional model of non-stationary spacetime rainfall at the catchment scale due to a single storm event. The model belongs to a well known family of stochastic models constructed around the original formulation by Waymire et al. (1984) , and continued in a series of combined developments during the following years (Rodriguez-Iturbe and Eagleson, 1987; Sivapalan and Wood, 1987; Jacobs et al., 1988; Islam et al., 1988; Valdés et al., 1990; Bartolini and Valdés, 1994) . This kind of approaches assume that a precipitation area of a given scale has one or more smaller scales embedded, which involve more intense precipitation, as a result of the physical features of atmospheric dynamics (Orlanski, 1975) . The smallest characteristic features or identifiable patterns inside the storm are locally intense precipitation areas in the vicinity of well defined storm cells centers, with a decreasing rainfall intensity as distance from the cell center increases. According to Waymire et al. (1984) , the order of magnitud of these raincells ranges from 10 to 50 km in horizontal spatial scale, with time duration scales below the hour. In recent applications, such conceptual approaches built upon the raincell as basic building-block of the storm structure have served as the basis to analyse the influence of rainfall inputs on the hydrological response (Luyckx et al., 1998; Northrop, 1998; Willems, 1999 Willems, , 2001 . In all these models, a conceptual representation of the essential features observed in a variety of storm types is considered. Basically, the storm is assumed to consist of a conceptual hierarchy of scales. In such a structure, the smallest scale is represented by rain cells, which are the fundamental units for the model construction. It is at that cell-scale where the highest rainfall intensities are reached, while rainfall intensities decrease as the spatial scale increases. The occurrence of rain cells varies in both space and time, their birth mechanism is governed by a space-time point process. The analytical description of this point process, together with the analytical form given to the intensities produced by the cells, always play a crucial role in the formulation of the cited models.
It should be remarked here that in all cases, the probability distributions of all the components in such models are selected to assure mathematical tractability, with analytical derivation of first and second order moments of the instantaneous rainfall intensity process in space and time ξ(t, z), representing rainfall intensity on the ground at time t and spatial co-ordinates z.
These analytical results are then used for parameter estimation by means of the widely used method of moments, as a first step for the practical use of the models. The maximum likelihood method becomes in most cases mathematically intractable for this type of models.
The parameter estimation requirements lead to an inherent compromise between analytical complexity and the need of a realistic description of the typical structural features observed in measured rainfall fields. And it is this analytical limitation that explains certain properties of the models, chosen largely as a mathematical convenience to facilitate the analytical evaluation of the process's theoretical moments.
Among the models quoted, the one proposed by Rodriguez-Iturbe and Eagleson (1987) (hereafter referred to as RE) represents a particularly interesting and balanced formulation, providing an attractive scheme for applied purposes. In that model, individual storm events are characterized as a three dimensional, space-time random process. Cells are born in space following a two dimensional Poisson process of parameter λ. They arrive in time (τ relative to the storm onset) according to an exponential distribution f (τ ) = β · exp(−β · τ ), β being a parameter. Rainfall intensity generated by a cell is described as:
where a and r represent relative time and distance from the time-space origin of the cell, and i 0 , α and D are parameters of the model. The resultant rainfall intensity field can be obtained analytically by adding in space and time the contributions of all cells born before the instant under consideration. This formulation has already been applied to model extreme events of convective nature in the Mediterranean regions of Spain by Lázaro and Garcia Bartual (1991) . The type of rainfall events considered, typically occurring during months of September, October and November, exhibit clearly some of the essential features of the RE model, and there is in this case a strong empirical evidence in favor of a rainfall structure built upon convective cells as the basic unit. On the other hand, and due to the extreme hydrologic regime characteristic of the region, event oriented models of this type (rainfall models of the internal structure of the storm) are far more suitable than continuous-time models (also dealing with the interarrival structure of rainfall), specially when applications related to flood forecasting and control are considered.
The basic assumptions of the RE model are: (1) nonstationary, (2) statistical spatial homogeneity (isotropic correlation structure), (3) Poisson distribution of cells in space, (4) quadratic exponential attenuation of intensity with increasing distance from the cell center, and exponentially distributed cell center intensity, (5) time of birth of cells exponentially distributed, (6) exponential time-evolution of raincell intensity.
All these assumptions are largely discussed in the work by Jacobs et al. (1988) . Concerning the last two assumptions, it is clear, as stated in their research, that they largely facilitate the analytical evaluation of the process's theoretical moments, but cannot strictly be considered physically based hypotheses. In particular, there are strong reasons to refine assumption (6), proposing instead some other function better representing the typical cell life evolution, starting with a low intensity and increasing gradually with time until the peak is reached, and then gradually tailing off. Temporal patterns with a delayed peak are more realistic (Hershfield, 1984) and have also been used in stochastic modeling of precipitation (Garcia-Bartual and Marco, 1990) .
The statistical analysis of 30 storms in the Jucar River Basin (Spain) that occurred between 1991 and 2000, has also revealed that other analytical assumptions (rather than the exponential) for the temporal birth of cells, better reproduce the internal evolution of cumulative rainfall during the course of the storm.
The outlined considerations motivated this research, and yielded to a new multidimensional model that incorporates certain analytical refinements, preserving the general structure of the original RE model. More precisely, a gamma-type function is introduced to model temporal shape of the cell, representing a cell with a rapid increase, marked peak section and gradual decline of intensity, as used in the stochastic temporal model by Garcia-Bartual et al. (1990) , while an Erlang distribution is used to describe birth of cells during the course of the storm. As a result of these two modifications, a new model is derived, of which all required analytical expressions for parameter estimation are obtained. The derived theoretical normalized mean function of the new model presents an intermediate inflexion point, showing a pattern that is closer to other common normalized temporal patterns used in applied hydrology (U.S. Department of Agriculture Soil Conservation Service, 1986).
We illustrate that the new model can be tuned successfully, in a way that is reasonably straightforward, although the operational rain gauge network provides a limited spatial information about rainfall intensity fields. More reliable parameter estimates requires finer spatial information, from a denser network or, preferable, using data derived from radar imagery.
Analytical development
The main objective of this research is the characterization of the individual storm events as a three-dimensional spacetime random process. The principal variable of the process is the rainfall intensity ξ(t, z), occurring at the point with spa- tial co-ordinates z, at time t from the start of the storm. However, what is really a measurable variable is the cumulative rainfall denoted by h(T , z), which represents the cumulative depth of rainfall in an interval with length T at the point of co-ordinates z. It is therefore defined as:
The fundamental item in the model construction is, like in the RE model, the storm rain cell, which is characterized by a set of random and deterministic properties: Cell location in space, time of birth, cell center intensity and the decay rate in space are random variables, whereas the decay rate in time is assumed to be deterministic. The rainfall produced by a rain cell in an arbitrary point of coordinates z can be obtained as follows: If t is the elapsed time from the beginning of the storm, the rainfall intensity due to a cell born at a point u and time τ < t is given by:
where
g 2 being exactly as assumed in the original work by Rodriguez-Iturbe et al. (1987) . For the description of the cell time evolution (g 1 (t − τ )), two analytical approaches are considered: Figure 1 shows the shapes of the corresponding functions. For a convenient further evaluation and comparison of the derived models, two additional conditions are imposed on the cited functions: (1) the area under the curves is the same, (2) the intensity at the maximum (t = ϕ −1 ) for the gamma-type function is equal to the intensity at t = 0 for the exponential function. As a consequence, the following relations are derived for the variables introduced:
The maximum rain-cell intensity, i o , is assumed to be an independent, exponentially distributed random variable with mean E[i o ] within the storm. As in the RE model (for a non-clustered process), the spatial distribution of cells is governed by a homogeneous two-dimensional Poisson process with spatial density λ(L −2 ). The time of birth of each cell t b relative to the storm onset is assumed to be an Erlang distribution with parameters n and β. When n = 0 the Erlang distribution becomes an exponential distribution. Assuming that features controlling rain cells occurrence in time and space are independent, the probability density function of the combined space-time process is:
The rainfall intensity process at time t for an arbitrary point of co-ordinates z, results from the addition of the contributions of all active cells at that moment, and can be analytically obtained as follows:
The integral over space covers the whole R 2 plane in which the Poisson process take place, under the assumption that the area covered by the storm is much larger than the area covered by a cell. The expressions of the moments for both the rainfall intensity process and the cumulative depth process are derived, for the two cases considered: exponentially shaped and gamma shaped cells.
Model with exponential rain cells
The mean of the rainfall intensity process is obtained from Eq. (10):
where a = α − β. The covariance function of the rainfall intensity field in space and time is:
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After some analytical work (Rodriguez-Iturbe et al., 1987) , Appendix A, we can express Eq. (12) as:
and d is the distance between the points z 1 and z 2 . The autocovariance of ξ(t, z) is obtained by letting d = 0 in Eq. (13):
The variance function of ξ(t, z) is (from Eq. (14) with t 1 = t 2 = t):
The mean cumulative depth of rainfall is:
where a = α−β. The total cumulative depth can be regarded as the limiting value when T → ∞. The resulting expression is:
The ratio between both values from Eqs. (16) and (17) provides the normalized mean function of the process:
The covariance function of the cumulative rainfall process h(T , z) is:
The variance of h(T , z) (by setting
From Eqs. (21) and (22) the correlation function of total depth field (T → ∞) is described by the quadratic exponential function: 
With a similar analytical treatment, the covariance function of the rainfall intensity field in space and time is obtained as follows:
The variance of the rainfall intensity process results from Eq. (25), with z 1 = z 2 = z(d = 0) and t 1 = t 2 = t.
The mean cumulative depth of rainfall at different time intervals is:
The value of the mean cumulative depth at the end of the storm can be derived through computation of the limiting form of Eq. (27) when T → ∞:
It is important to remark that Eq. (28) is independent of the temporal shape of the rain cell, as should be expected. In fact, the total contribution of cells during the whole process depends on the number of cells that occurred and the volume of rainfall associated to them, rather than the internal features describing the space-time evolution of every single cell that occurred during the event. The ratio between Eq. (27) and Eq. (28) gives the normalized mean function:
The covariance of the cumulative depth process results in a relatively more complicated expression as compared to the previous model. But again, the outcome of the analytical development is an explicit expression that can be conveniently handled and computed, and therefore verifies the basic requirement of the model for further calibration and parameter estimation.
Again, the variance of the cumulative depth process can be obtained by setting z 1 = z 2 = z(d = 0) and
The expressions of the variance and the covariance at the end of the storm (total cumulative depth process) are given by: The correlation function of the total depth (t → ∞) is identical to Eq. (23). This is explained by the fact that there are no differences concerning spatial features defining rain cells between the two postulated models.
Data description
From 1961 until 1990 there were 176 rainfall events where precipitation reached 100 mm d −1 in at least one point of the Jucar River basin (Fig. 2) . These kinds of rainfall events are mostly associated with dynamic instability at high levels in the troposphere. At the sea level, low pressures appear over the Southeast of the Mediterranean Sea. This configuration, added to an anticyclone over central Europe, forces eastern winds towards the Mediterranean Spanish coast. This synoptic framework along with mesoscale and orographic factors and sea temperature complete the proper conditions to produce heavy rainfall events in this region. The available data have been provided by Confederación Hidrográfica del Júcar, the Regional Water Authority, which is operating an automatic pluviograph network consisting of a total of 106 raingauges giving on-line information (intensities in mm h −1 ) with a time level of aggregation of 5 min.
The data used to calibrate the described models consists of 30 rain events that occurred during 1991 to 2000. Every period contains the rainfall data of all raingauges (even those with no rainfall), for a number of consecutive rainy days in the area.
The following tasks have been performed for each of the data series: (a) Eliminate stations containing a non-negligible percentage of errors or missing values.
(b) For the rest of the stations, verify and complete the series, using simple time interpolation techniques.
(c) Graphical representation of spatial distribution of cumulative rainfall for each period.
(d) Graphical representation in time of ξ i (t), where ξ i is the rainfall intensity of raingauge "i".
(e) From (d) and (e), selection of independent rainfall events and main spatial areas affected in each case.
(f) Once the event has been defined in space and time, the data corresponding to each one is reduced to a set of rainfall intensity series including only the selected raingauges in each case, and with a common start and finish time.
(g) Among all the independent events, selection of the most intense ones, according to both cumulative rainfall values and maximum rainfall intensities Table 1 summarizes some information about the selected events. There are events in all months of the year except for March. The majority of these events were recorded in September, October and November, corresponding to the period of the year with a higher frequency of intense convective storms over the region. The duration of the events ranges from 9 h to 107 h. The column entitled "Pluv. Nr" in Table 1 indicates the number of raingauges with representative data for each of the events considered. The table also shows the computed mean(mm), variance (mm 2 ) and coefficient of variation for the total cumulative depth of each event.
Parameter estimation
The seven parameters of the model are estimated for each of the 30 events under consideration. The estimation process is undertaken by the method of moments, by equating the analytic expressions of the statistical moments to the observed ones in the sample. The parameters to be estimated are:
-λ: controls birth of raincells, according to a Poisson process.
-D: is associated with the spatial attenuation of the cell intensity. It is assumed that D −2 follows a gamma distribution with parameters δ and θ .
-ı 0 : represents the initial cell center intensity, and is exponentially distributed with mean E[i 0 ].
-α: parameter defining the exponential time-evolution of raincell intensity. When the time evolution is described by a gamma-type function, the parameter to estimate is ϕ, with the following relationship between them: ϕ = α · e.
-Parameters β and n: Control the time of birth of each cell, relative to the storm outset, following an Erlang distribution.
The estimation process comprises two stages. First, the parameters affecting the spatial properties of the rainfall intensity field are estimated. Then, the parameters controlling the temporal structure and evolution of the rainfall intensity during the course of the event are estimated.
Spatial parameters

Estimation of δ and θ parameters
The cell density λ and the parameters δ and θ , which control the attenuation of precipitation in space, may be expressed as functions of the moments of total depth (Jacobs et al., 1988) . With regard to δ and θ parameters, they are estimated by fitting Eq. (23) to the empirical function for a given storm. Assuming that D −2 follows a gamma distribution (Rodriguez-Iturbe et al., 1987) , the correlation function is given by:
In order to estimate δ and θ it is necessary to have an estimator of the covariance. The most commonly quoted estimator of the covariance of a one-dimensional random process is:
The expected value of this estimator is less than the value of the population moment. To overcome this fact Jacobs et al. (1988) apply an unbiased estimator of the correlation function:
where γ (L 1 , L 2 ) is the variance function (Vanmarcke, 1983) . This function, for the RE model, is approximated by Rodriguez-Iturbe et al. (1987) as:
Regarding the variance, Jacobs et al. (1988) give an unbiased estimate:
The correlation function is then corrected through an iterative routine. A value of δ and θ is estimated by search of the value which minimizes the mean square error of the corrected correlation function when compared to the theoretical total depth correlation function. Figure 3 shows the correlation function of total depth for one of the sample events, ocurred during the days 25 to 28 October 1993. Estimates of the correlation function have been obtained by lumping together gauge pairs of near equivalent separation in km. The estimated values for δ and θ are δ = 1.705 and θ = 6.435 for the event of October 1993, referred to Fig. 3 . The derived value for E [D 2 ] in this case is 9.1 km 2 .
Estimation of λ parameter
From Eqs. (17) and (21) or Eqs. (28) and (31), the cell density λ for each storm event can be expressed as a function of the moments of total depth and the previously estimated value of
] as:
For the example under consideration (October-1993 event) , the estimated value for this parameter is λ = 0.021 cells/km 2 .
Temporal parameters
There are three parameters governing the storm's theoretical temporal structure, according to the previous analytical development presented: α -related to the cell's longevity, β and n -related to the cell's temporal arrival distribution. 
Estimation of α parameter
In the work by Jacobs et al. (1988) , α and β are estimated by using the normalized mean and variance. Some difficulties are encountered when applying that method, as explained by the authors. By observing the expression of the normalized mean (Eqs. 18 or 29), it can be concluded that this function is not sensitive enough to provide a suitable procedure for a robust estimation of α. In most cases it should be expected that α β, for which the normalized mean function approaches a limit which is independent of α. This is consistent with the fact that both functions, the normalized mean and normalized variance of the process, provide a description of the evolution of the storm, and this evolution is mostly controlled by β and n (for our events the mean of the cell's birth time: (n + 1)β −1 ∈ (200 min, 3000 min)), whereas the α parameter governs the cell's internal evolution (for our events α −1 ∈ (12 min, 62 min)).
The difficulties reported by Jacobs et al. (1988) have been tackled incorporating in the parameter estimation procedure the correlation function of the temporally averaged intensity process ξ (T ) (t, z), defined over intervals of length T . Jacobs et al. (1988) derived the expressions for mean, variance and covariance when n = 0. If we consider the time at the end of the storm event (we may assume t → ∞ in mathematical terms), then the following expression is obtained (model with exponential rain cells):
It should be remarked here that the above limit is independent of n. For small values of the βT product, it is possible to approximate [e −βT ] with [1 − βT ], and therefore, the previous expression can be rewritten as:
which is independent of β. For practical purposes, a value of α is selected so that it minimizes the sum of the mean square error about the previous function describing the autocorrelation over the course of the storm. Therefore, it is possible to obtain an estimate for α through Eq. (40), when comparing fitted with the corresponding computed empirical values. This equation can be also used conveniently in combination with Eq. (39) to provide estimates of β and α.
Concerning parameter ϕ, which defines gamma-type rain cells, it can be obtained directly from the relationship: ϕ = αe.
As an example, Fig. 4 shows the autocorrelation of the averaged process for the case of the event that occurred in October 1993. Lags are ranging from 10 min to 1 h.
The estimated value of α is 0.026 min −1 or α −1 = 38.5 min., and the corresponding value derived for ϕ is 0.071 min −1 .
Estimation of β and n parameters
Values of n and β are estimated to minimize the sum of the mean square error about the function describing the normalized mean depth over the course of the storm, when compared to the empirically computed curve for a given storm (Fig. 5) .
The parameters of the Erlang distribution for the selected example-event are n = 1, β = 0.0013, and the corresponding mean value of cell's birth process is n+1 β = 1549.6 min.
Mean cell center intensity
The parameter E[i 0 ] mainly controls the magnitude of the storm event. The mean initial cell center intensity E[i 0 ] for any storm may be expressed as a function of α and the mean of the total storm depth.
From Eq. (17), E[i 0 ] is: 
Summary of parameter estimates
The parameter estimation procedure has been applied to the complete sample of 30 rainfall events, resulting in a set of parameters which is summarized in Table 2 .
It should be outlined that in all cases the procedure successfully yielded to a set of values for the model parameters which can be regarded as physically consistent, belonging to ranges of variation that clearly correspond to the conceptual building assumptions of the theoretical models presented herein.
On the other hand, the feasibility of the proposed parameter estimation procedure has been successfully tested through the application to the sample of storms under consideration, which can reasonably be considered a good representation of typical convective rainfall events in the Mediterranean regions of Spain.
Summary and conclusions
This paper presents a multidimensional, non-stationary space-time rainfall model for a single storm event of convective nature. The model conceptualizes the storm as a set of rain cells which are born in space and time following a Poisson process. Functional expressions with random parameters are used to describe the evolution of the rainfall cells, along the lines proposed by Rodriguez-Iturbe and Eagleson (1987) , who demonstrated that modeling the spatial and temporal structure of rainstorms events through mathematical multidimensional point process techniques is feasible in practice.
When trying to apply their model to convective rainfall events recorded in the Spanish Mediterranean coast, it was found that some of the theoretical expressions that are needed to estimate the model parameters did not properly fit the observed values.
Based on the original formulation of Rodriguez-Iturbe and Eagleson (1987), a new model has been derived: -The birth rate function has been improved. An Erlang distribution with parameters β and n was used (an exponential distribution is obtained when n = 0, as in the Rodriguez-Iturbe and Eagleson work). The estimated n values in 28 out of 30 selected events have been found to be greater than zero.
-A gamma function mimics the growing, maturing and gradual decay of the raincell intensity (in the work by Rodriguez-Iturbe and Eagleson (1987) an exponential function was used). Times to the maximum of the estimated gamma function range from 4.5 min to 23ṁin.
The mean, variance and covariance expressions of the rainfall intensity process ξ(t, z) and the cumulative depth of rainfall process h(T , z) have been obtained.
For 30 events, parameters were estimated based on the method of moments. Temporal parameters have been estimated (especially α parameter) applying a different strategy from that used in Jacobs et al. (1988) . Expressions of the temporally averaged process have been used. Values obtained for α fall in the interval (0.016; 0.083) min −1 , being 1/α directly related to the order of magnitud of cell's duration, with an average of 0.4 h, slightly lower than the duration scale indicator of 0.7 h reported by Waymire (1984) , or the 0.75 h value reported by Yoo et al. (1996) . It is interesting to note that in the results obtained, 40% of the storms have values of 1/α in the interval (0.56 h, 0.74 h), mainly corresponding to events ocurred in September and October, while other values associated with cells of lower durations are identified mainly in summer events (June-August), with an average value 1/α = 0.26 h. Such results are consistent with the specific dynamics characterizing the summer rainstorms in the mediterranean region under study, involving the occurrence of very localized and extremely short duration raincells (Llasat, 2001) . Values obtained for E[i 0 ] are also consistent, almost coincident, with previous results reported in the literature. The average value over the ensemble of storms is 66 mm/h, while Waymire (1984) reports a value of 60 mm/h in the summary of typical ranges of various parameters, and Valdés et al. (1990) report values ranging from 20 to 80 mm/h, with an average of 57 mm/h. The rest of the parameters are also found to be consistent with the typical ranges used by different authors (Valdés et al., 1990; Jacobs et al., 1988) .
λ parameter controls the spatial density of cells. An average value of 0.05 cells/km 2 has been estimated, comparable to other values reported previously (0.016 cells/km 2 , in Waymire et al., 1984;  or 0.075 cells/km 2 in Jacobs et al., 1988) . It should be outlined, though, that λ varies significantly from one storm to another, not being a clear relationship in this case with possible seasonal variations. It should be noted that estimation of such parameter depends on the selection of the geographical area covered by the storm, which in many cases is necessarily affected by a degree of subjectivity. This parameter sensitivity to storm size should be investigated.
Both of the models and corresponding parameter estimation strategies proposed herein can be applied with larger data sets and denser networks, through the steps presented in the application of this research. This suggests that finer resolution data obtained from either denser land-networks or from meteorological radar rainfall estimates will improve model operation and reliability as a numerical simulator of realistic space-time rainfall intensity fields. More applied numerical experiments with the model are required to evaluate the practical benefits that can be expected from its used in applied hydrology, being clear to the authors that the greatest potentials are oriented towards watershed management and modeling with the aid of hydrological distributed simulation models that incorporate rainfall generators of this kind, adequately adapted to the characteristic rainfall events and their features occurring in the geographical region under study. In particular, the model reported herein with gamma-type raincells, in connection with a rainfall-runoff model, has already been used for reservoir management purposes in Spain, by means of synthetic generation of inflow hydrographs of large return period, assessing the evaluation of flood control operational criteria in the Beniarrés dam (South East of Spain). (Garcia-Bartual and Serra, 2001; Garcia-Bartual et al., 2002) .
